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Abstract 

In this article we present a Wf-theory of stochastic paraboUc partial differential systems. 
In particular, we focus on non-divergent type. The space domains we consider are K'', R4. and 
eventually general bounded -domains O. By the nature of stochastic parabolic equations 
we need weighted Sobolev spaces to prove the existence and the uniqueness. In our choice of 
spaces we allow the derivatives of the solution to blow up near the boundary and moreover 
the coefHcients of the systems are allowed to oscillate to a great extent or blow up near the 
boundary. 
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1 Introduction 

In this article we consider the following general stochastic parabolic partial differential system : 

d'^^^ = {o^tK^x^ + ^lr<' + CkrU" + f^)dt 

H^^UmUl^ + Vkr,mU' + gt)dwl'\ t > 0, X £ O C 
^^'(0) = 4, (1.1) 

where i,j = 1,2, ... ,d and k,r = 1,2, di and we used the summation convention on the repeated 
indices i,j,r. The system (jl.ip models the interactions among di diffusive quantities with other phys- 
ical phenomena like convection, internal source or sink, and randomness caused by lack of informa- 
tion. Moreover, the countable sum of the stochastic integrals against independent one-dimensional 
Brownian motions {w™ : ?7i = 1,2,...} enables us to include the stochastic integral against a cylin- 
drical Brownian motion in p.l[) (see sec. 8.2 of [H]). The solution u = (ui,U2, • • • not only 
depends on t > 0, x £ O, but also depends on w in a probability space (ft, {J'tit > 0},P) 
on which w™ are defined. The coefficients CL'ir^^:r^'^kr,cFkr m^^kr,m also depend on {uj,t,x). The 
detailed formulation of (|l.ip follows in the subsequent sections. 
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The concrete motivations of studying (jl.ip can be easily found in the literature. If di = 1, 
p.ip is a stochastic partial differential equation(SPDE) of parabolic type. Such equations arise in 
many applications of probability theory (see [H] and HI]). For instance, the conditional density 
in nonlinear filtering problems for a partially observable diffusion process obeys a SPDE and the 
density of a super-diffusion process also satisfies a SPDE when the dimension of the space domain 
is 1. If di = 3, the motion of a random string can be modeled by a stochastic parabolic partial 
differential system (see [5] and \'2'2\). 

General ip-theory with p > 2 for stochastic parabolic equations (not systems) has been well 
studied. An Lp-theory of SPDEs with space domain R" was first introduced by Krylov in [T^ (cf. 
[I4] for L2-theory), and since then the results were extended for SPDEs defined on arbitrary 
domains O in R'' by Krylov, his collaborates and many other mathematicians (see, for instance, |15| . 
[I6] , [7] , [6] , [18] and references therein) . On the contrary ip-theory of general systems of type (jl.ip 
is not available in the literature except ip-theory of the system with the Laplace operator (see, for 
instance, [H], [5D] and the reference therein). 

Our goal in this article is to prove unique solvability of the systems of type (|l.ip in Sobolev 
spaces with weights. It is known that unless certain compatibility conditions (see, for instance, 
[1]) are fulfilled, the second and higher derivatives of solutions blow up near the boundary (see 
jl4j). Hence, we measure this blow-up by using appropriate weights. By the way, the Holder space 
approach does not allow one to obtain results of reasonable generality (see [16] for details). 

We extend the results for single equations in [5] , [S] , [H] , [H] , and [TB] to the case of the systems 
under the algebraic condition p.3p for the the leading coefficients aj^^. , cr^.^ „j and very minimal 
smoothness conditions for the coefficients. Under these assumptions a]^^, ^ are allowed to oscillate 
to a great extent near the boundary, and b\^,Ckr,'^kr.m may blow up fast near the boundary. For 
instance, for the case d ~ di — 1 with the space domain R4- we allow a := a\\ to behave like 
2 + cos I Ini'l" near x = 0, where a G (0, 1) (see Remark l4.7p . In this case the oscillation of a{t,x) 
increases to infinity as x approaches the boundary. 

For the stability of the numerical solution of ()l.ip . Wj^-theory may be enough in most cases. 
But, we are interested in the regularity of the solutions and we are aiming at Wp theory. However, 
unlike the results for single equations in [S], [5], [H], and [T^], we were able to obtain only W^- 
estimates instead of W^-estimates due to many technical difficulties at this point. For instance, the 
proofs of Lemma [3T7l and Lemma [3781 below are not working for p > 2. Nevertheless, we believe that 
Wl'-thcory of the system is a main basis for VKp'-theory. The evidences are the results for single 
equations. For instance, in [9] Wp -theory is established based on Hardy-Littlewood(HL) theorem, 
Fefferman-Stein(FS) theorem, and W^-theory. In the future wc plan to to develop W^J'-thcory of 
the system ()l.ip by constructing weighted version of HL and FS theorems and using the result in 
this article. 

The organization of this article is as follows. Section [2] handles the Cauchy problem. In section 
[3] we prove the result with space domain and in section U we finally prove the results on any 
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bounded C^-doniains. 

In this article M.'^ stands for the Euchdean space of points x = {x^, ...,x'^), R"^ = {x € M*^ : 
x^ > 0} and Br{x) := {y G R** : \x — y\ < r}. For a function u{x) we denote 

u,,,^-^ = D,u, Di'u^D^' ■ ...-D'^/u, |/3| =/3i + ... + /3rf 

for the muhi-indiccs /3 — fid), Pi G {0, 1, 2, ...}. By c = c(- • • ) or N = N{- • • ) we mean that 

the constant c or N depends only on what are in parenthesis. Throughout the article, for functions 
depending on w, t, x, the argument lo E will be omitted. 

2 The system with the space domain O = W^ 

In this section we develop a -theory of the Cauchy problem with the system For this we 

don't need weights yet since we don't have a boundary. 

Let {il, J', P) be a complete probability space and {Ft : i > 0} be a filtration such that J"o 
contains ah P-nuU sets of fi. By V we denote the predictable cr-algebra on x (0, oo). Let {wJ"}Tn=i 
be independent one-dimensional { J'tj-adapted Wiener processes defined on (fi, J^, P) and := 
Cq°(R'';R''i) denote the set of all R'*! -valued infinitely differentiable functions with compact support 
in R'^. By V we denote the space of R'^-valued distributions on precisely, for u G 2? and G 
we define {u,(f)) G R'' with components {u,(p)^ ~ {u'^,(j)''), k = 1,. . . ,di. Here, each u'^ is a usual 
R- valued distribution defined on C°°(R'^;R). 

We define Lp = Lp(R'*; R'*^) as the space of all R^^^-valued functions u = {u^, . . . , it'^^) satisfying 

k=l 

Let p G [2, oo) and 7 G (—00, 00). We define the space of Bcssel potential = H^{R'^;R''^) as the 
space of all distributions u such that (1 — A)''^'^u G Lp, where we define each component of it by 

A)7/2y)fc ^ (1 _ A)7/2yfc 

and the operator (1 — A)'^/^ is defined by 

(1 - Ay/'^f = the inverse Fourier transform of (1 + \^\^y'^^F{f)iO 
with J-{f) the Fourier transform of /. The norm is given by 

Then, equipped with the given norm is a Banach space and is dense in (see [23]). For 
non- negative integer 7 = 0,l,2,---,it turns out that 

m = {u : D^u G Lp,Va, |a| < 7}. 
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It is well known that the first order differentiation operators, di : H^{M.'^;M.) H^^^{M.'^;M.) given 
by u — ^ Ur^i (i = 1,2, ... ,d), are bounded. On the other hand, for u G H^{M.'^;M.), if supp (w) C 
(a, b) X K''^^ with — oo < a < b < oo, we have 

II"IIh;(E'';E) < c(d,7,a,6)l|u^l|^^-i(^<i.R) (2.1) 

(see, for instance. Remark 1.13 in }13j). 

By £2 we denote the set of all real-valued sequences e = (ei,e2,...) with the inner product 
(e,/)^2 ^ J2m=i^rnfrn and the norm \e\i^ := (e, e)J^^^. If g = ig^,g'^,--- ,5''') and each g'' is an 
^2-valued function, then we define 

k=l 

For a fixed time T < 00, we define the stochastic Banach spaces 

H;^(r) = H^(R'',r) ■.= Lp{n x {o,T],r,H;), h^(t,£2) -.^Lpin x (o,t],p, jf;(^2) ), 

Lp(T) H^(T), Lp(T,^2) = H°(T,f2) 

with the norms given by 

II"IIh2(t) = E r h(OII?,.rfi, Ilffll^2(TA) = IE r ll.9(i)ll?,.(,,)di- 

Finally, we set :— Lp{Vt, Tq, Hp^"^^^) for the initial data of the Cauchy problem. The Banach 
space T-L'y^{T) below is modified from R- valued version in [T2 to the M'*! -valued version. 

Definition 2.1. For a P-valued function u = (w\ • • • ,u'^^) e H^+2(r), we write u G H],+'^{T) if 
u{0, •) G and there exist / G MJiT), g G M],+^{T,£2) such that, for any (f> G C^, (a.s.) the 

equality 

(^i'^-(^, •), 0) - (^^''(0, •), 0) + / (/'(5, ^)ds + ^ / (.g:;;(s, •), c^)dwT (2.2) 

holds for each fc = 1, ■ • • ,di and t G (0, T]. The norm of u in 7^^+^(r) is defined by 

Il"llw2+^T) = \Mmj+\t) + II/IIh2(t) + II3IIh2+1(t,£2) + ll'"(0' 
We write (|2.2p in the following simplified ways, 

u(t) = u(0)+ / fis)ds+ [ gm{s)dwl"' or du ^ f dt + gradw"^ , tG(0,T] 

and we say that du = fdt + gmdw]^ holds in the sense of distributions. 
For any m x n real- valued matrix C = (ckr), we define its norm by 



\C\ := 



\ k=l r=l 
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We set A'^ = {a^l), = (a^J, and A'^ = (a^^), where 

1 = 1 

Throughout the article we assume the foUowings. 

Assumption 2.2. (i) The coefRcients a^r^^kr^'^kr^^kr ^"^^ ^kr.ra are 'P ® i3(R'^)-nieasurable. 
(ii) There exist finite constants 5, , L > so that 

5\^\^ <a{A^' ~A'')^,, (2.3) 
\A^^\<K\ \A'^<L, i,j = l,2,...,d (2.4) 

hold for any a; £ il, t > 0, a; G K'', where ^ is any (real) di x d matrix, is the ith column of ^, * 
denotes the matrix transpose, and again the summations on i,j are understood. 

Before we consider the general system (jl.ip , wc give a VF^-theory for the Cauchy problem with 
the coefficients independent of x: 

du" - (o^Xc^,, + f'')dt + (aL,™<, + gt)dwT. u'^iO, •) = (2.5) 

where i,j = 1,2, ■ ■ ■ ,d, k,r = 1,2,- ■• ,di, m = 1,2,...; recall that we are using summation 
notation on i, j, r. 

Theorem 2.3. Let a^^ = a^^iu},t) and al^„^ = crl^^„X'^,t). Then for any f e H](r), g e 
M2^^{T,£2), and uq G 1/2^'^, the problem \2. 5|) has a unique solution u G T-C^^^iT) and for this 
solution we have 

\\Ua:x\\n';{T) < C (||/||hJ(T) + II .9 I IhJ + i (T.f 2) + II ""O II [7,''+^) ' (2-6) 

||w|Ihj+^(t) ^ ce^^^ (|I/IIhJ(t) + II.9|IhJ+1(t/2) + ll^ollc/T+2) , (2.7) 
where c = c(d, di, 7, 5, ,L). 

Proof. Let A denote the usual Laplace operator. By Theorem 4.10 and Theorem 5.1 in [12], for 
each k, the single equation 

du^ = {SAu'' + f'')dt + gtdw^, u''{0) = 

has a solution u'^ G 7^2^^(T). For A G [0, 1] and di x di identity matrix / we define 

^a' = (Ca) ■■= il-X){A'' ~A^')+S''X6I 

= ((1 - A)A'^' + S'^XSI) - (1 - X)A'^ = Ay - A"^, 

where A*/ := (1 - X)A'^ + S'nSI, A'l := (1 - A)^*^ . Then 

\Al\<\A^\, \Ai\<\A^, m^<Y.^.Ali, 



for any di x d-matrix ^. Thus, having the method of continuity in mind (see the proof of Theorem 
5.1 in [12 for the details), we only prove that the a priori estimates (|2.7p and (|2.6I) hold given that 
a solution u already exists. 

Step 1. Assume 7 = 0. Applying the stochastic product rule d\u'^\'^ ~ 2u^du^ +du^du^ for each 
k, we have 



,k\2 



l^^i)!' - i»oi ^ 

Jo 

Making the summation on r, i appeared, we note that 



fe|2 



ds 



(2.8) 



fe 



E 



E 



+ 2(E'^L<.,/k + l5ll 



,fe|2 



By taking expectation, integrating with respect to x, and using integrating by parts in order, we get 
from dSil]) 

/■* 

E 



; / \u{t)\'^dx + 2E [ [ Y^{u^.y{A'^ - A'^)u^,dxds 
Jw Jo Jw „■ 

E / \uo\^dx + E I I 
Jw^ Jo Jr" 



2</ + 2EKX.>ff'k+El5 



fe|2 



dxds. (2.9) 



Note that 



EKXm/)^ 



k.r.'i 



< 



< 



2EIE«^Ul3' 

k r.i 



E HE- 



|2 , 2 I fc|2 



2 £ 



k,r,i 



2 e 



El 



TKr + 7EI 



(2.10) 



for any £ > 0. Hence, it follows that 



E / |M(t)pdx + 2(SE I [ \u^\'^dxds 
Jw Jo Jw 

< e / \uo\^dx + e-d-L^E [ [ \ux\^dxds + E [ [ \u\^dxds 
Jr-^ Jo Jr'' Jo Jr"^ 

+E / / Iffdxds + cEV] [ I \g^\ljxds. 
Jo Jr-^ u Jo Jr-^ 



(2.11) 
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Similarly, for v = u^r^ with any n = 1, 2, . . . , d, we get (see (|2.9p ) 

E [ \v{t)\'^dx + 2SE [ [ \v^\^dxds 
Jr-' Jo Js.'' 



k,r,i k 

< holl^i + ehxxllLw + 4f\\l(t) + c||.9x|lL(M2)- (2-12) 

Choosing small e and considering all n, we have (|2.6p . Now, (|2.12p . p. lip and Gronwall's inequality 
easily lead to (j2.7p . 

Step 2. Let 7 7^ 0. The result of this case easily follows from the fact that (1 — A)'^/^ : — > 
H^~^ is an isometry for any 7, /i G M when p G (1, 00); indeed, u G 7^2^^ (T) is a solution of (|2.5p if 
and only if w := (l-A)''/^?/ G Hi(T) is a solution of ([23]) with (1 - A)^/^/, (1 - A)'^/^^, (1 - A)'^/2uo 
in places of f,g,UQ respectively. Moreover, for instance, we have 

II"1Ih3+"(t) = IK'IIhKt) < ce"'^ - ^)''^V||l2(t) + \\{l-Ay^'g\\ 

Hi(T,^2) + 11(1 - ^y^^uoWuij 

= ce"^ (|I/IIhJ(T) + II.9|IhJ+1(t/2) + W'^^u:^^^) ■ 

The theorem is proved. 

□ 



l7l = l,2,. 
otherwise, 



Now we extend Theorem 12.31 to the case of the Cauchy problem with variable coefficients. Fix 
eo > 0. For 7 G K. let us define I7I+ = I7I if I7I = 0, 1, 2, ■ • • and I7I+ ~ I7I + eo otherwise. Then we 
define 

{B(M'^) : 7 = 

Cl7|-i,i(Krf) 
Cl7l+«(K<i) 

where B is the space of bounded functions, and C''*''^^'^ and C^^^^'^ arc the usual Holder spaces. 
The Banach space B^^^+ is also defined for ^2-valued functions. For instance, if g = (51,527 ■■■)^ then 
\g\BO sup^ Iff (a;) 1^2 and 

II V- in- I ^ V- . \D''g{x)-D''g[v)\i, 
|5|c„-i,i= 2^ \D g\BO+ 2. sup — . 

Here is the main result of this section. 

Theorem 2.4. Assume that the coefficients aJf^jCr^.,. are uniformly continuous in x, that is, for any 
e > there exists 6 — 5{e) > so that for any uj, t > 0, i, j, k, r, 

\a'^^{uj,t,x) - a'i^^{uj,t,y)\ + \(Tl^{ui,t,x) - al^{ui,t,y)\i^ < e, if |x - y| < 6. 

Also, assume for any lo, t > 0, i,i, k,r, 

|afcr('*^>^r)l|7l+ + Kri^,tr)\\'i\+ + |cfer(w,i, OIlTk + I4r * > O 1 17+1| + + I ^^fcr (w, t , ■) I I7+I I + < L. 
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Then for any J e H^(T), g e H]+^(r,£2) and uo £ U]^^ , the Cauchy problem has a unique 

solution u 6 ^^(T), and for this solution we have 

||u|Ih3+2(j,) < c (||/||hJ(t) + \\9\\u:i_+\T,t2) + II"o||[/t+2) , 
where c ~ c{d, di, 7, S, ,L, T). 

Proof. It is enough to repeat the proof of Theorem 5.2 in |12j . where the theorem is proved for 
single equations. The only difference is that one needs to use Theorem 12. 31 of this article, instead of 
Theorem 4.10 in [12]. We leave the details to the reader. □ 

3 The system with the space domain O = 

In this section we study a VFJ'-theory of the initial value problem with the space domain W^. We 
use the Banach spaces introduced in [13]. Let C G C^(IR+) be a function satisfying 

00 

^ C(e"+'^) > 0, Va; e M, (3.1) 

n— — 00 

where c is a constant. It is each to check that any nonnegative function C, with the property C > 
on [l,e] satisfies (|3.ip . For 6',7 G M, let g be the set of all distributions u — {u^,u'^, ■ ■ •u'^i) on 
Ml such that 



1^-, :=5]e"«|lC(-Me"-)ll?,. <«^- (3.2) 
If g = (g^, g^, . . . ^g'^^) and each g^ is an ^2-valued function, then we define 

ii5r^.;,(..)-E^"'iic(-)ff(e"-)r^.(,.). 

nsEZ 

It is known ([13]) that up to equivalent norms the space g is independent of the choice of Also, 
for any 77 G (R+ ) , we have 

00 00 

e-'\\u{e-■)^f^.^<c e"''|i^(e".)Cll?,., (3.3) 

n— — 00 n— — 00 

where c depends only on d, 7, 7/, ^. Furthermore, if 7 is a nonnegative integer, then 
iTj^g ^ {u ■ u,x^Du,--- ,(a;i)l"li:)"u £ Lp( M^, (a;i)^-''dx ), |a| < 7}, 

Below we collect some other properties of spaces H'pg. For /i e K. let be the operator of 
multiplying by {x^)^ and M = M^. 



8 



Lemma 3.1. (J13f) (i) Assume that 7 — d/p = m + 1/ for some m = 0,1, ■ ■ ■ and v G (0, 1]. Then 
for any u G g o,nd i G {0, 1, • ■ • , m}, we have 

\M'+'^/PD'u\c + [M"'+''+'^/PD'"u]c-^ < c\\u\\h^^. 

(ti) Let M G M. Then Mf^H;,^^,^ - H^g, 

(in) MD,DM : g —5- H^^^ are bounded linear operators, and it holds that 
Mh\ < c\\u\\^-,-i+c\\MDu\\jj-,-i < c\\u\\h-, 

Pit! p p^o p,a 

Mh-', < c\\u\\^-,-,+c\\DAIu\\^-, 1 < c||u||^. 

p,0 P-& P'^ 

(iv) The operator C := APA + 2MDi is a bounded operator from g onto g with the 
bounded inverse for any 7. 

Let us denote 

Ke^T) = Lp{il X [Q,T],V,Hlg), M;_,(T,£2) = Lp(17 x [Q,T],V , Hlgit^)), 

Ko = M'-^'PL,{n,F,,H;-^'^), L,^g{T) = m%{T). 
The Banach space S)J'^'^{T) below is modified from K- valued version in [TB] to the E^^ -valued version. 

Definition 3.2. We write u G S^p^iT) ii u ^ {u\ ■ ■ ■ ,u'^^) e A/IHI^+^(T), u(0, •) G U^j,^, and for 
some / G M-iH^ ,(T), g G H;y(r,^2), 

du = f dt + gr.^dw'^, tG[0,r] 

in the sense of distributions. We define the norm by 

ll'^IU^+ZCT) =: \W~^'^\\wi+\T) + II^/IIh^_,(t) + \\9\\wi+\T,t2) + ll'"^'^' ■)ll(7;+^ ■ '^^■'^) 

Definition 3.3. Let A^' = {a^^) and = (ct^^) be independent of x. We say that (A*^ S^ is 
admissible (with constant N) if whenever u G AfEl2 g{T) is a solution of the problem 

du^ = (aif,<.,. + f'')dt + (aL,„<. + gt)dwT, t > 0, xeR^, 

u'{0,-) = 4{-), (3.5) 

satisfying u G £2(^1, C([0, T], Co((1/?t., n) x {x' : \x'\ < n}))) for some constant n > 0, it holds that 
Ul-'u\\l_^^^^ < N (||A//||L,,(T) + llffllL,.(TA) + hoWl.J . (3.6) 
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In Theorem 13.41 below we give some sufficient conditions under which (A*-' , S*,6') is admissible. 
We define the symmetric part (S'*-' ) and the diagonal part (5*^) of A^^ as follows: 



We also define 

Assume that there exist constants a, /3i, • • • , G [0, 00) such that 



|ijiJ|</3J Vj = l,2,.. 



<a. 



(3.7) 



We denote 



K := 



Theorem 3.4. Let one of the following four conditions be satisfied: 



2K-S 2K + S, 
e(E[d,d+l), 8{d+l-0)6^-{9-d)/3^>Q, 
e {d-l,d], 26{d + 1 - 9f - 2{d + 1 - 6){d - 9)13 - 4{d - 0){d + 1 - 0)K^ > 0, 



e {d-l,d], 



d-i 



1 



-(/3 + 2a) + £ 



d~9 

+ 1 - 



(3.8) 

(3.9) 
(3.10) 
(3.11) 



where e > 0, ^ is any (real) di x d matrix and is the ith column of Then there exists a constant 
N = N{e, 5, K) > so that (A'-*', S', 6*) is admissible with constant N. 

Remark 3.5. (i) If A^^ are symmetric, i.e., /3 = 0, then (|3.10p combined with (|3.9p is the same as 
the condition 9 £ {d — 2K^~s ' ^ +1)' '^hich is weaker than p.8p . 

(ii) If A^^ arc diagonal matrices and — 0, then a = = and A^^ — S^J . Since 1 — 
2(d - 6')/(d + 1 - 6*) > for 6* > d - 1, p. lip combined with ([5^ is the same as the condition 
6 <E {d — l,d+ I). This is the case when the equations in the system is not correlated. 
Remark 3.6. We do not know how sharp the above conditions are. However, it is known ([13]) that 
iff? ^ {d—l,d+l), then Thcorcm l3.4l is false even for the (deterministic) heat equation ut = Au + f. 
i.e., (6^^1,0,9) is not admissible for such 9. 

Theorem [33] is proved in the following two lemmas. 



(3.12) 



Lemma 3.7. Assume that a]^^,aZ ^ are independent of x, and 



e[d- 



2K-5 2K + S, 

Let u £ MHi g(r) be a solution of (EM so that u e L2{n,C{[0,T],C^{{l/n,n) x {x' : \x'\ < n}))) 
for some n > 0. Then we have 



where N = N{d, di,6,e,K,L). 



(3.13) 
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Proof. As in the proof of Theoreni l2.3l applying the stochastic product rule dju'^ p = 2u^du^+du^du^ 
for each k, we have 



.k\2 



fe|2 



ds 



+ / 2u\al,^^ul.+gt)dw^, i > 0, 
where the summations on i, r are understood. Denote c := 6 — d. For each k, we have 
< E [ \u''{T,x)\^{x^ydx 

i-T 



E 



|u''X0,2;)r(x^)"da; + 2E 



-E 



-2E 



wiru:.\iix'rdxds + 2i 



10 JR^ 



'0 JW\_ 



Note that, by integration by parts, the second term in the right hand side of (|3.14p is 



2E 



'0 JS.'\_ 



aZK^ul,{x')^dxds~2cE I I {allul,){M-'u''){x'Ydxds 



{AI-'^u''){Mf){x'^ydxds (3.14) 
\g%{x'rdxds. 

) is 

(3.15) 



'0 JTS.'l 



By summing up the terms in the right hand side of p.l4p over k and rearranging the terms, we get 



2E 



'0 JTS.'l 



< -2cE 



/O JR^ 



, {A'^ - A'^) u.^, [x^fdxds 



p^/iC(t) + ii5I!l,«(t) +ii"(o)ra. 



<e) {\\Mf\\ 



2 

L2,e(T) 



AT) 



(3.16) 



where for the second inequality we used i\2A\ . (|2.10p . and the fact: for any vectors w,w e M" and 
K > 0, 

I < A^^v.w > I < \A^H>\\w\ < K'\v\\w\ < i(K|w|2 + K-i(/^^)2|w|2); 

K,e will be decided below. Condition (|2.3p . inequality p.l6p and the inequality 

4 „ „. 



(see Corollary 6.2 in [T3]) lead us to 

2'5||u^|Il2,8(t) - 
4 



< 



(d+ 1-0)2"^""^ 



2,8 



(3.17) 



L2,e(r) 



< £ 



K(rf + 1 - 6*)^ 

rf'i ) il".|lL2..(T) + C{e) + |l5llL.«(T)) + ll5llL.e(T) + lk(0) II 
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Now it is enough to take k = 2K/ (d+l — d) and observe that p.l2p is equivalent to the condition 
2S^\c\(k+ ,^ ]=26- /' ' ^ > 0. 

Choosing a smaU e = e(d, di,6, 9, K, L) > 0, the lemma is proved. □ 



Lemma 3.8. Assume that al^,a\^ are independent ofx, and one of i3.9\) - [3ni] ) holds. Then the 
assertion of Lemma \S.7\ holds. 

Proof. We modify the proof of Lemma 13.71 

1. Denote S^^ = (s[.^,) = ^{A^^ + (A^^)*) as the symmetric part of A^^ . Then A^^ = S^^ + \H^^ 
and for any ^ 6 

Let c :~ 9 — d. Note that, by integration by parts, we have 

/ u*S^^u^i{x^Y-^dx = -"—^ [ u*S^^u{x^f-'^dx^-'—^[ u*A^^u{x^y-^dx 

and hence 

-2c ( u*A^^u^i{x^Y'-^dx = -2c I u*S^\^iix^y-^dx-c [ u* H^^u^i{x^Y'~^dx 

= c(c-l) /" u*A'^\{x^y-^dx-c [ u*H^^u.^i{x^Y-^dx. 

Moreover, another usage of integration by parts gives us 

/ u*S^'u.^,{x^Y"^dx = - ( ul,S^^u{x^Y"^dx = - f u* {S^^Yu^j (x^Y'^dx 

jRf JRJ JRJ 

for j / 1, meaning that J^a u*S^^Uxj{x^Y^^dx = and 

-2c [ u*A^^u^,{x^Y~^dx ^ -c [ u*H^^u^j{x^Y~^dx. 

Jr"^ Jr'1_ 

Thus the second term in (|3.15p is 

-2cE f [ {al=y^,)u\^'r-'dx 

Jo JR'l 

= c{c-l)E [ [ u*A^^u{x^Y'^dx-cE [ [ u*H^^u^,{x^Y^^dx, 
Jo Jr"^ Jo Jr'^ 

where the summation on j includes j = 1. 
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Now, as in the proof of Lemma [5771 we have 

2'5||"2;||L2.e(T) 



< 2E 



< E I \u''{0,x)fx''dx 







+ c(c -1)E 
2E 



E 



/o Jk^ 



{M-'u''){Mf''){x'ydxds + 2E / / , g'^)^, (x^)=da;ds 



JR'^ 



\g%{x'rdxds. 



(3.18) 



Note that the terms, except the second term and the third term, in the right hand side of p.lSp are 
bounded by 



^I^^WLat) + MLat) ) + c(^) [U^fWLAT) + \9\\Lat) ) + MO)\\ul, 

The second and the third terms will be estimated below in three steps. 
2. If c(c — 1) > 0, hence 9 G {d ~ 1, d], then we have 



< 



c(c -1)E/ / ai'^{M-'u''){M^'u''){x'fdxds 



and also 



{h\iul,){M-^u''){x^Ydxds 



< 



l\c\ ('^ll".|lL,.(T) + «''/3'l|A^"'«llL,,(T)) 
4/32 



K{d + i~ey 



\\u.r 



L2,e(T) 



for any k > 0. To minimize this we take k = 2p/{d +1 — 6). Then 



{h]^r<.){M-'u''){x'rdxds 



^ md-0) „ „2 



Thus from (j3.18p we deduce 



2/3(^-6*) 4 
{d + l-e) ^ {d+l 



c{c-l)K'\ II".IIL,.(T) 



(3.19) 



25- 

(e)(l|A^/llL.,.(T) + ll3llwT)j + ll«(0)ll4i 

This and (|3.17p yield the inequality p.l3p since p.lOp is equivalent to 

2l3{d-9) 



26 



{d+1-0) {d + l 



;c{c - l)/\ 1 > 0. 
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3. Again assume c(c — 1) > 0. By (|3.18p and p.l9p . we have 



2E / / It*. {A'^ - A'^) u^, [x^Ydxds 
Jo Jm'1_ 

< E [ \u''{0,x)\'^x''dx 

+ c{c - 1)E r f (fill,, + sl\,) {M-^u^){M-'u^){x'fdxds 



2l3{d - 0) 



lk.llL,.(T)+^Pf-'^^llL,.(T)+c||M/|| 



By Corollary 6.2 of [T3], for each t. we get 

c(c - 1) / s\],^{M-^u'^){M-'un{x'r dx 



L2,e(T)- 



c(c-l) aii\M-'urix'rdx 



< 



4(d-i 



id + 1-0) 
and by dSj]) and ([3Tf|) . 

c(c-l) 



4(rf-6l) 
(d + 1 - 0) 



u^iS^Juj^j {x^y dx 



sl\^M-\'' Nr\'\x^Ydx 



Aa{d - 0) 



< ac{c-l) I \M-\\\x'rdx<jj^^^ I Kp(xirdx. 



It follows that 

i-T 



^^'^ S'J ) u,, {x^Ydxds 



Jo V (d + i-e) 

^ (rfTT^^^ + 2a)||u.||^^^^(^) + ,(^) + c{e) {\\M f\\l^^^^^ + ||5||L,,(t) 



This, (jXTTj) and (|XT7)) lead to 

4. If c(c - 1) < 0, hence 6* e [d, d + 1), then 



1^(0)11 



c(c -1)E / / ail.{Ar'u''){M-'u''){x'Ydxds <Sc{c-l)\\M-'u\\l^^^j,y, 



for this wc consider a di x d matrix ^ consisting of AI as the first column and zeros for the rest 
and apply the condition (|2.3p . Next, as before, we have 



-cE / / {h]^X^,){Ad-'u'')ix^ydxds 



< 
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and hence 



< e ( ,, ^ + d'L] \\uX,AT) + c(^) (P^/IIL,.(T) + A1|5||L,.(T) 



-l„.l|2 

L2,e(T) 



,((i+l-6')2 

As we take 



l5llL„m + 11^0)11?,,. (3.20) 



13' 



25(1 -c)' 

the terms with ||M^^w||^^ ^^^^ in the left hand side of p.20p are canceled out. Now, p.9p which is 
equivalent to 2S — > gives us p.l3p . The lemma is proved. □ 

The following lemma with Definition 13.31 will lead to an a priori estimate: 

Lemma 3.9. Let fieR, f E M-^mt^g{T), g & (T,^2), u{0) € C/j^^^ and u & MH0^(r) be a 
solution of the problem l[K5\) on [0,T] x R'[, then u G MH^+^(r) and 

II^"^"IIh^+^(t) < c (|lM-iu|jjj^+i(j,) + ||A//||h^^(j.) + + \\u{Q)\\jj^j2^ , (3.21) 

where c — c{d,di, ^1,9,6, K, L). 
Proof. By Lemma [3. II (ii) and (12.11) . we have 

\\M-'u\\l.y,^) < cEe"<^-^^h(M"x)C(x)||^.,2(^) 

71 

= c5]e"lu(e2"t,e"x)C(x)||^^+2(^„,„^j 

71 

< c J2 e-'\\{u{e'-t, e-x)ax)U lln^Ce— t) • 

n 

Denote 

z;„(c.,t,x) =7.(w,e2"t,e"x)C(x), (a„)^;(c^, t) = a;;'^(c^, e^"*), (a„)i,(w, t) = ^^(0., e^^t) 

Aj^ = ((a„);^), = ((a„)L). 

Then, since u„ has compact support in M'J_, we can regard it as a distribution defined on the whole 
space. Thus w„ is in EI^+^(e-2"T) and satisfies 

dvn = {A':^{vn)x'xi + fn) dt + {{Yi"^) ^(v n) + (g„)m)d(e""w"2„t), w„(0,x) = C(a;)wo(e"a;), 

where (SjJ,„ = {{(J„)l^„;) and 

/„ = -2e" A>,,(e2"t,e"a;)C,(x) - ^^(e^"^, e"x)C.... (x) + e2"/(e2"t, e"x)C(x), 

((7„)™ ^ -(I];)™7/(e2"t,e"x)C,.(x) +e"g™(e2"t,e"x)C(x). 
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Then, by Theorem [131 is in ?^^+^(e-2"r) and 

WMxxWui^i^e-^r^T} ^ c{d,di,n,S,K,L) (||/„||HM(g-2„:r) + ll5"llH^+i(e-2„T/2) + IIC(a;)uo(e"a;)||^,,+5 
Thus, by dSS]) and Lemma O 

n 

< c^[e"«h,(t,e".)C.| 



Ih^(t) 



c^e"(^-2)h(t,e".)C..|lH^(T) 



n n 



(T) 



l„,l|2 



The lemma is proved. □ 
From this point on we assume the following: 

Assumption 3.10. There exists a constant TV > 0, independent of x, so that for each fixed x, 
(A'-' (•, •, a;), •, x), 0) is admissible with constant N. 

First, we prove our results for the problem p.l3p with the coefficients independent of x. 



Theorem 3.11. Suppose Assumptions lKSl and [KTO\ hold. Also assume that A''^ ^Ti^ are independent 
of x. Then for any f G M^^Ii^ g{T), g G M'^'^^{T,£2), uq € U^^"^, the problem \3. 5\) admits a 
unique solution u e jOj^^C?"), and for this solution 



7 + 2 
2.0 



(3.22) 



< c(||M/||hj^^(t) + \\9\\m-+\tj2) + II^oIIk 
where c = c{d,di,S,9, ,L). 

Proof. 1. By Theorem 3.3 in [TB], for each fc, the single equation 

du^ = (SAu'' + f^)dt + g'^dwt, u^{Q) = 
has a solution € S)'^^'^{T). As in the proof of Theorcm l2.3l we only need to show that the estimate 



p.22p holds given that a solution already exists. Also by Lemma EH] and p.4p it is enough to show 

II^"'«IIh-+^(t) < c (l|Af/||Hj^(T) + II.9IIhjV(t,^,) + II"o|lc/^.+=) . (3.23) 
2. Assume 7 > 0. By Theorem 2.9 in |16j . for any nonnegative integer n > 7, the set 

^2,e{T)n y L2{n,C{[0,T],CS{{l/N,N) X {x' : \x'\ < N}))) 



N=l 
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is dense in S^l^ g[T) and we may assume that u is sufficiently smooth in x and vanishes near the 
boundary. Let m be an integer so that 7 + 1 — rn < 0. Then by applying Lemma 13.91 with 
/i = 7, 7 — 1, • • ■ , 7 — m in order, 

W^Anl%\T) < c(p/-iu||jj2_+i-'"(T) + II^/IIhJ,(t) + \\9\\ul+\TM) + \\^o\\u-%^) ■ 

Thus to get p.23p it is enough to use the fact || • ||jLf7+i-™ < || • Hl, g and the inequality (|3.13p . 

3. Assume 7 e [-1,0), i.e., 7 + 1 > 0. RecaU Cu := (Af^A + 2MDi)u = {x'^)'^Au + 2x'^u.^i. 
We have / := C-\f e M-^Mj^iT), g := C-^g e H]_+^(T,^2) and uq C-^uq G U]+^. If 
u G S)2^'^{T) is the solution of the problem 

du = {A'^u^^^j + f)dt + + gm)dw^, u{0) = uq 

with Y^l^ ~ {a\^ then for v — Cu wc have v G e^(^) and 

+ + 9m. - 2I]^(S^l + X^Au)) dwr, t > 

?;(0) = Uq. 

Since u^l^^ +x^Au^. = A/-i/:(S^O G M-^m1+\T), u.^^^, G Af-iH]+^(r), S^i G H]+^(T), and 
7 + 1 > 0, we can find a u G fil^^^iT) as the solution of 

du = - 2(^1* + A'i)(?2^i^. + x^Au^O - 2A"Aw) 

+ (Sj„z2,. - 2S^(i2,i + a^iAw)) dw^ . 
w(0) = 0. 

Then ti := w — u G 5^2^^ (^) satisfies p.Sp and estimate p.23p follows from the formula defining v, u 
and the fact that 

II^^"'"IIh2_+=(t) ^ c||M-iu||jjj+4(^), ||M-1u||hj+2(^) < c||A/-iu||Hj+4(r). 

Now, wc pass to proving the uniqueness of the solution in the space ^^^{T). Let u G ^il^^^^T) be a 
solution with / = 0, g = 0, uq = 0. We claim that u = 0. For this wc just show that u G S^l^^^i^T^ 
or equivalently u = G .^2^^(^) since we have already proved the uniqueness in f)2^'^(T) at 

step 2; recall 7 + 1 > 0. In fact, since u G i02^^('7^) at least, we have v G ^il^^ij") and 

where 

However, we observe 

= 2{A^' + A*i)M^iw^. - 8Ai^A-/-2y + 2A^^A{C-^u) G M-^H]_y(r), 
£5 = Y.\u^. - C.{{ll-^u)^^)) =TZ}M~^u^Y£!^"^^{T,i-2). (3.24) 



17 



Thus / G il/-iH^+^(r) and g £ H^+^(r,^2). Consequently, v e Sjl^iT) and u = 0. 

4. The case 7G [— n— 1,— n) with n G {1, 2, • • ■ } is treated similarly. The theorem is proved. □ 

Now, we prove our results for the problem with variable coefheients. For n G Z, /i G (0, 1] 
and fc 0, 1, 2, we define 

[up= Bup{x')'^+"\D^u{x)l (3.25) 



Mil - -p (.^ A (3.26) 



J=0 



Here is the main result of this section. 
Theorem 3.12. Let Assumptions \2.2\ and \3.10\ hold, and 

\o^^ritr)\\°l + + Mt,-)\\'l + WUtr)\\"l,\^ + Wkr{tr)\\'^+^\_^ < L (3.27) 

and 

\at{t,x)-aZ{t,y)\ + Kr{t,x)~<^lr{t:y)\e2MMbl,{t,x)\^^^^^ <k (3.28) 

for all x,y ^ with \x — y\ < x^ A . Then there exists kq ~ KQ{d, di,d, 5,j, K, L) so that if 
K < kq, then for any f G M-^mlg{T), g G M^^(T,^2) and uq G U^'j,^ , the problem fZH]) defined 
on n X [0,T]xR'l admits a unique solution u G SS^^g'^{T), and it holds that 

\W-'u\\ 

HJ+^T) ^ ^' (P-^/IIh2_,(T) + hWwiy (T,f.i) + ll"o||(7^^+2) (3.29) 

where c = c{d,di, J, ,L). 

Remark 3.13. See Remark l4.7r i) for the better understanding of the condition (|3.28p . 

Remark 3.14. Since is dense in -ffj g, zero boundary condition is implicitly imposed in Theorem 
[3l2](and in Theorem HH below). 

To prove Theorem 13.121 we use the following three lemmas taken from [8]. 

Lemma 3.15. Let constants C, 5 he in (0, 00), and q he the smallest integer such that I7I + 2 < q. 
(i) Let T]n G C°°{R'l), n = 1, 2, satisfy 

^Afl"l|D"?7„| < C m (3.30) 

n 

for any multi-index a such that < |a| < g. Then for any u £ ^ 

Ell'?""!!?/- <Nc^ur^-, , 
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where the constant N is independent of u, 9, and C . 

(a) If, in addition to the condition in (i), > 6 on M'^ , then for any u G g, 

Ikll^. <iV^||r^,^||^. , (3.31) 

P.S ' * p.d 

n 

where the constant N is independent of u and 6. 

The reason that the first inequahty in p.32p below is written for 77^ (not for rjf-^ as in the above 
lemma) is to have the possibility to apply Lemma [5. 151 to 77^. Also, note ^ < (^ |a|)^. 

Lemma 3.16. For each e > and q = 1,2,..., there exist non-negative functions rjn G Co°(^+)j 
ri = 1, 2, ... such that (i) on R'J_ for each multi-index a with 1 < \a\ < q we have 

^r;4>l, ^77„<iV(d), ^A/I"l|i^"r;„| <e; (3.32) 

n n n 

(a) for any n and x, y G supp7y„ we have \x ^ y\ < N(x^ A y^), where N = N{d, q, e) G [1, 00). 

Lemma 3.17. Let p G (l,oo), 7,(? G M. Then there exists a constant N = N^j, \"f\^,p,d) such that 
if f g and a is a function with the finite norm |a|j"^|^, then 

\\afU.^^<N\aQjfU;y (3.33) 

In addition, 

(i) 1/7 = 0, 1, 2, then 

||a./||//-, <A^i sup |a|||/||H-',+iV2 11/11^.-1 sup sup |Ml"l7^"a|, (3.34) 

K| " l<la|<7 

where, obviously, one can take Ni ~ 1 and N2 =0 j/7 = 0. 

(ii) if "f is not integer, then 

\\af\\H^^<Nisup\a\r{\a\\'ly-^\\f\\H-'^, (3.35) 

where s := 1 — -r-r- > 0. 

The same assertions hold true for £2-valued a. 

Proof of Theorem 13.121 Wc proceed as in Theorem 2.16 of [7], where the theorem is proved 
for single equations. As usual, for simplicity, we assume uq — (see the proof of Theorem 5.1 in 
[12)). Also having the method of continuity in mind, wc convince ourselves that to prove the theorem 
it suffices to show that there exists kq such that the a priori estimate p.29p holds given that the 
solution already exists and k < kq. We divide the proof into 6 cases. The reason for this is that if 7 
is not an integer we use p.35p and if 7 is a non-negative integer we use p.34p . but if 7 is a negative 
integer we use the somewhat different approaches used in [7]. 
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Case 1: I7I ^ {0, 1, 2, ...}. Take the least integer <? > I7I + 4. Also take an e £ (0, 1) which will 
be specified later, and take a sequence of functions 77^, n = 1, 2, ... from Lemma 13.161 corresponding 
to e, q. Then by Lemma |3.15[ we have 

00 

\\M-'u\\l..^(T) < II^^"'"''"I1mj+^(t)- (3-36) 

ri=l 

For any n let x„ be a point in supp7;„ and a^^^^{t) = a,^^(t,Xn), <7kr,n,mi't) = '^kr,mi'^^ ^n)- From 
we easily have 

where 

By Theorem 13.111 for each n, 

\\M-Wn\%y^r) < ^(II/"IIhi,(t) + j^,,^,) (3.37) 

and by (|335|) . 

IKofcr - a[t,n)'?n^"s;':rJ IIh2,(t) < ^ II 'M^^":!::^ IIhJ , (T) sup | (o^^^ - a^^^Jr],,]', (3.38) 

UJ.t,X 

where s > is a constant depending only on 7 and I7I + . 

By Lemma 13.161 (ii), for each n and x, y G suppr;„ we have |x — 7/1 < N{e){x^ A 7/^), where 
N{e) = N{d,q,£), and we can easily fix points Xi lying on the straight segment connecting x and 
7/ and including x and 7/ so that the number of points are not more than N(e) + 2 < SN(s) and 
\xt - x,+i \ < x] A It follows from our assumptions 

sup |«-; - afc-'^^„)7?„| < m{s)K. 

UJ^t.X 

We substitute this to (|3.38p and get 

ll(«E. - «fc™)'7n^<-..llHj,(T) < iViV(£)«:^||7?„M7X,,||H2_^(T). 

Similarly, 

+ ll'7,^iA^f^fcrA^"^w''|lH2+i(r/2) - (ll'7«":rllH3_+i(T) + ^"^^"^wIlH^+^m) • 

Coming back to (|3.37p and (j3.36p and using Lemma [3.151 we conclude 

\\M-^u\\l-,^y^^^ < NN{e)K^^ (||M«..||^2_,(T) + ll^-llar/lT) + H^^^'^H^/ (t)) 
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+ (ll^^.||^j^(T) + P^"'"llMjy(T)) +^ (P-^/IIhJ,,(t) + bllHjytTA)) ' (3-39) 

where 

oo 

C = sup sup + \D'^{M'\ril),,)\). 

By construction, we have C < Ne. Furthermore (see Lemma IXT|) 

\K\\h-,+i < N\\Ar\\\jj-,+2, \\Mu,,\\h^<N\\M-\\\^,+2. (3.40) 

2,e 2,e 2,9 ^-^2,8 

Hence (jX^ yields 

FinaUy, to get a priori estimate p.29p it's enough to choose first e and then kq so that Ni{N{e)K'^^ + 
£2) < 1/2 for K < Kq. 

Case 2: 7 = 0. Proceed as in Case 1 with e = 1 and arrive at p.37p which is 

\\M-Wn\\ll^^T) < N (ll/«llL,.(T) + ll3nllH^,,(TA)) ■ 

Notice that ((X^ liolds with s = 1 (since 7 = 0). Also by 

II Kr -4r.n)^n<'llHi,(TA) ^ ^ ^Up |(4^ " 4r,«)'7n 1^2 hn":^ ||h1 ,(T) + ^^n"^ llL2,e(T) 

UJ.t,X 

< ArK||?/„U:r||Hi g(T) + ^ll?7«Wa;||L2,(,{T)- (3.41) 

From this point, by following the arguments in Case 1, one gets 

||Af-i?/||H2_^(T) < NiK\\M-'u\\^2^^^T) + N\\M-\\\^i^(^T} + N\\Mfh,^,iT) + A^I|5|Ihi_,(T) ■ 
Thus, if NiKq < 1/2 and n < kq, then we have 

||A/-iit|lH|^(T) < iVp.f-ij.||Hi^,(T) + iV||Af /||l,,,(t) + iV||5llH^,,(TA) ■ (3.42) 

Next, if necessary, by reducing kq (note that we are free to do this) we will estimate the norm 
j|A/^^M||gi ^(j^). Take an e G (0, 1) which will be specified later and proceed as in Case 1 and write 
(P:^ and (P37|) for 7 = -1. The latter is 

l|A^-'"^nll^i „(T) < N (ll/n||^-i(^) + ll<?n|lL,.(TA)) ■ 

Using the fact |l./ri|ln-i(T) < ll/n||L, g{T) and the previous arguments, one obtains 

P-^"'"IIh^,,(t) < NN'{e)K' (||M^i..|lL,.(T) + lk.llL,.(T) + l|A/-'^^|lL..(r)) 
(||ii.|lL,.(T) + I|A^"'"IIL,.(T)) + N {WMfWl^^^^^ + ||5llL,«(T,£,)) , 
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(T) 



where C is introduced after p.39p . By using p.40p we get 

\\M-'u\\l,^^^^^ < N{N\e)K' + e')\\M-^u\\l.^^^^^^ + N (||M/||L,(t) + II5||L.«(ta) 

Finally, by substituting this into p.42p and then choosing e and then kq properly, one gets the 
desired estimate. 

Case 3. 7 G {1,2,...}. Take kq from Case 2 and assume k < kq. Proceed as in Case 2 with 
e = 1. By ^M), 

Wi^kr ~ 0'kr,nWn^'^x^xAWl,{T) < II 'Mil/u.;.; |1 , (T) + iV || ?7„MUa;:, |Iht-i (y) , 

Similarly, 

ll/n||H2_,(T) + II5"IIh2V(T,^2) - {\\VnMu^A\n^2,e(.T) + WVnUxW^y+i (^T) + II^"^^^^"IIh? 

+ ^ (||??«Mw^a;|lH2-i(T) + Ih^^^o; ||hJ , (T) + ll'?n^^~^"llHj ,(T) 

This easily leads to 

P^"'"IIh3+^(T) < ^2A^||A/-'^^|Ih3+/(T) +^P'^~'"llHjy(T) +^P^/IIh2,,(T) +^ll5llH2y(TA)- 

Now additionally assume N2K < 1/4. Then it is enough to use the interpolation inequality (}11|. 
Theorem 2.6) 

||Af-i«||^.y < e\\Ar\\\j,.^+2 + Nie,^)\\Ar'u\\H.^ 

and the results in Case 2. 

Case 4: 7 = — 1. We temporarily assume that (|3.27p holds with 7=1. In this case we prove 
the theorem directly without depending on an a priori estimate. Take kq which corresponds to the 
case 7 = 0. Assume k < kq, then the operator TZ which maps the couples (/,<?) £ 7\/^^L2,e(T) x 

g(r, £2) into the solutions u e Sjl g{T) of the problem ([rT|) defined on fl x [0, T] x R'l with zero 
initial data is well-defined and bounded. 

Now take {f,g) e M-^m:^l{T) x L2,e(r,£2). By Corollary 2.12 in [B] we have the following 
representations 

/ = MD,f, g = il/Df/, (3.43) 
where f = {f'\---,f-''') G M-^U,e{T),g' = (<?^'\ ■ • • , s'-'^O G Hi_,(T, 4), £ = 1, 2, d and 

d d 

E ll^^/'llL...(r) < iV||M/||H-i(^), E II/IIh^..(t,^2) < ^^II5||l.,.(t,..). (3.44) 
e=i ' 1=1 

Next denote = (w^'i, • • • w^'^'i) = 'R{f,g'^) and v = (w\ • • • ,w''i) = J2LiMDev^. Then by 
([Xig]) . w is in MMl g{T) and satisfies 
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where 

t = {MD,cjl,)v'^l - al/j + {M^D,Vkr)M-\'^\ 

By assumptions one can easily check that | • |Q°''-norm of MDga^^, M^Dib].^, M^DiCkr and | • |^°^- 
norm of MDia^^, M^DiVkr are finite. Therefore 

Finally we define u ~ TZ{f,g) and u := v ~ u. Then u G gC^) satisfies (|f .ip and the a priori 
estimate follows from the formulas defining u and v. 

Next, we prove the uniqueness of solutions. Let k < kq with kq found above for the case 7 = 
and assume u e iD2,e(r) satisfies ([TT]) with / = 0,.g'= = and uq = 0. Since we already have the 
uniqueness in the space e{T), to show u = we only need to show m G eC^)- Take ri„ from 
Lemma 13.161 corresponding to e = 1. From (jl.ip one can write the system for rjnU for each n and 
get 

d-iilnu'") = [a^^{r]nu')^i^, + bl^{r]„u'')^i + Ckr{ri„u'') + f^^ dt 

where 

Since w G A/]Ell2g(r) and rjn has compact support, we easily have {f,g) G L2(T) x H2(T, £2)- 
Also the above system will not change if we arbitrarily change o-kr^^kr^'^kn'^kri'^kr outside of the 
support of rjn. Therefore using Theorem 12.41 one easily concludes that i]nU G H2(r) and hence 
M-^rinU G ]HI|g(T),ry„u G ^l,e{T). Then finally by using ((3?29)) (which we have for 7 = 0) and 
Lemma 13.151 one obtains ||Af~"'^u||jj2 ^(j^j < 00, that is, u G eC^)- 

Case 5: 7 = —1 with no additional assumptions. To prove the a priori estimate we use the 
results of Case 3. Fix a non-negative smooth function (j) G C^{Bi/2{0)) with a unit integral. Define 

and define v similarly. Observe that 

|o- - cr| < K, \Mv\ < 2k. 

Also using the fact < 2{x^ ~~ x^z^) < Ax^ for \z^\ < 1/2, one can easily check that there is a 
constant iVo < 00 such that 

l^lf + 1^1^^^ < No. 
For instance, let i,j > 2, and Jif = 1 if £ = 1 and Su = otherwise, then 

x^aj.i{x) = / a{x ~ x^ z)[—d(j){z) + (j)^i{z) ■ {Su — z^)]dz, 

J\z\<l/2 
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{x^)'^i'j.i{x) ^ / x^v{x — x^z)[~-d(j){z) + (j)^£{z) ■ {6i£ — z^)]dz, 

J\z\<l/2 

J\z\<l/2 

{x^)^D^,^j{x) = / x^iy{x - x^z)(t).-,.,^j{z)dz, 

J\z\<l/2 

and therefore it is obvious that the functions above are bounded. Also, all other cases can be 
considered similarly. 

Take (/, g) G M-'^M~l{T) x h2,e{T, £2) and let u S ^l^g{T) be a solution of with zero initial 
data. Then 

du'' = {aZK'xJ + KrK' + CkrU'' + dt + (g-L,m<" + '^kr,mU'' + (j^,) dw^ , 

where g'' = g'' + (tr^,. - ^lr)ul, + {vkr ~ Vkr)u'^ . Note 

ll5l|L2,e(TA) < \\9\k2.e{TM) + l^\\Ux\\l.^,e(T) + 3k|| Af"^lt||L2,e(T) • (3.45) 

Thus, by the results of Case 4, if k < kq, then 

I|M-'«IIhi,,(t) < N (p//||H-j(T) + II.9IIl..«(ta)) 

< (P^/llH-j(T) + II.9IIl.,.(ta) + Acpf-iuIlei^^(T)) , (3.46) 
where the second inequality comes from p.45p and p.40p . Finally we assume 

K < Ko A {2Ni)-'^. 

Then yields 

I|M-1u||hi^(T) < 2iVi (||M/||H-i(r) + ||5||l.,<.(ta)) • 

Thus we get the desired result for 7 = — 1. 

Case 6: 7 = —2, —3, —4, .... In this case it is enough to repeat the processes in Case 4, but since 
7 1 ^ I7 + 2|, additional smoothness assumption on the coefficients is unnecessary. The theorem is 
proved. □ 

4 The system with bounded C^-domain O 

Assumption 4.1. The bounded domain O is of class C},^. In other words, for any xq G dO. there 
exist constants rQ,Ko G (0, cxd) and a one-to-one continuously differentiablc mapping ^E* of Bro{xo) 
onto a domain J C M'* such that 

(i) J+ := ^{Br„{xo) no) cRf and *(xo) = 0; 

(ii) ^{BrM n 90) - J n {2/ G R'^ : = 0}; 

(iii) ||*||ci(s.o(^o)) < I<o and |*-i(yi) - 1'^i(?/2)| < Kolvi ~ ^2! for any y, G J; 

(iv) ^Pj; is uniformly continuous in for Brg{xo)- 
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To proceed further we introduce some well known results from [3] and [5] (also, see [T7| for the 
details). 

Lemma 4.2. Let the domain O be of class C^. Then 

(i) there is a bounded real-valued function ip defined in O, the closure of O , such that the functions 
ip{x) and p(x) :— dist{x,dO) are comparable. In other words, N~^p{x) < ip{x) < Np{x) with some 
constant N independent of x, 

(ii) for any multi-index a, 

s\xpil)\'^\x)\D"4)^{x)\<oo. (4.1) 
o 

Now, we take the Banach spaces introduced in [S] and [TH]. Let C, G C(j"(R+) be a function 
satisfying p.ip . For x <E O and 7i G Z = {0, ±1, ...} we define 

Ux) = C(eXx)). 

Then we have J2nCn > c in O and 

C„ e C^{0), \D'''Ux)\ < iV(m)e'"". 
For 0, 7 G M, let g{0) be the set of all distributions u = {v},u'^, ■ ■ ■ u'^^) on O such that 

M^l^iO) :=E^"'llC-n(e"-)^(e"-)ll?,. <oo. (4.2) 

If g = (5^, g^, . . . ,g'^^) and each is an ^2-valucd function, then we define 

ll5ll^,(o,..)=E^"'llC-«(e"-)3(e"-)r^.(,,). 

ri6Z 

It is known (see, for instance, |19| ) that up to equivalent norms the space g{0) is independent 
of the choice of C and ip. Moreover if 7 is a non-negative integer, then 

i?;e(0) = {m:u,?M?u,-- - ,Vl"l^"uGLp(0,<-'^dx), |a| <7}, 

Denote p{x,y) = p{x) A p{y) and ^p{x,y) = ip{x) A V'(y). For n G Z, /i G (0,1] and k = 0,1,2,..., 
we define 

11 I / M r 1 Wix) ~ u(y)\ 

u|c = sup|M(a::)|, [u]cf. = sup — ■ — . 

o x^v \x-y\^' 

= NS = (4.3) 

Nit = = sup ^--"(x, .)^^^^M_^, (4.4) 

x,y£0 \X y\ 
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Remember that in case O ~ W^, to define = Iwli^R^, we used p{x){= x^) and (0(x) A ^(y) in 

place of V'(a;) and 'ip{x,y) respectively in (|4.3p and (|4.4p . 

Below we collect some other properties of the spaces g{0). 

Lemma 4.3. fJ19f ) (i) The assertions (i)-(iii) in Lem,ma \3.1\ hold if one formally replace M and 
g by ip and g{0), respectively. 

(ii) There is a constant N = N{^, \^\^,p,6) > so that 
Denote 

Mig{o,T) = Lp{n X [o,T],p,ij;_,(o)), h;,(o,t,^2) = Lp{n x [o,T],p,iy;_,(0,^2)), 

Definition 4.4. We say u e 55^+^(0,7) if u = (ui,-- - e ^13^+^(0, T), u(0, •) G U^^^{0) 

and for some / G ^-1h;J T), g e H^y(0,T,£2), 

du = f dt + g„i dw"^ , 

in the sense of distributions. The norm in ^■ilf{0,T) is defined by 

ll"llf,;;+/(o,T) II^"^"IIh;;+/(o,t) + IIV^/IIh^j.cct) + II.9|Ih;;+1(o,t) + \W{^^-)\\u;%\oy 
The following result is due to N.V. Krylov (see [10] and [5]). 

Lemma 4.5. Lef p > 2. T/ie space SS~^^g^[T) is a Banach space and there exists a constant c = 
c{d,p^d,j,T) such that 

^snp\\u{tW,^, <c\\u\\P 

In particular, for any t <T , 

Assumption 4.6. (i) The functions ^^'^(i, •)> '''fer(^i ') point-wise continuous in O. That is, 
for any e > and x G O, there exists 5 — (5(e, x) such that 

whenever x,y £ O and \x — y\ < S. 

(ii) There is a control on the behavior of a^^^, b^^., Ckr, cr^^ ^^'^ ^kr near dO, namely, 

lim sup snp[\a]^^(t,x) - al^{t,y)\ + \(Tlr{t,x) - al^{t,x)\i^] = 0. (4.5) 

\x — y\<p{x,y) 
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lim swp[p{x)\bi^{t,x)\ + p'^{x)\ckrit,x)\ + p{x)\iykrit,x)\e^] =0. (4.6) 
(iii) For any t > and uj E fl, 

Remark 4.7. (i). The condition (|4.5p is equivalent to 

lim sup I osc{a'^^)B^^^^ i^) + osc{al^) b ^^^^ ) = 0. 

(ii) . It is easy to see that (|4.5p is much weaker than uniform continuity condition. For instance, 
if 5 G (0, 1), d = di = 1, and O = M+, then the function a{x) equal to 2 + sin(| Inxl'^) for < a; < 1/2 
satisfies (|4.5p . Indeed, if x, y > and |a; — y| < a; A y, then 

\a{x)-a{y)\ = \x~y\\a'{i% 

where ^ lies between x and y. In addition, |x — y| <a;Ay<^ < 2(x A y), and Cl'i'lOl 
ln[2(2; A ^ as .t A y ^ 0. 

(iii) . We observe that (|4.6p allows the coefScicnts 6^^,, c^r and i^^-r to blow up near the boundary 
at a certain rate. For instance, it holds if 

Kr\ < Np-^+\ \ckr\ < Np-^+', < N p-'+' 

for some constants A^, e > 0. 

Here is the main result of this article. 

Theorem 4.8. Let Assumptions \EM ^3Jd\ and\l6\hold. Then for any f £ ip-^mlg{0,T), g e 
M^^^{0,T,£2), uq e U2^'^{0), the problem on Q, x [0,r] x O admits a unique solution u = 

(u^, • ■ • , u'^i) e ^^(^1 ^); '^^'^ foi^ solution 

where c = c(d, di, (5, 0, JT, L, T). 

Remark 4.9. By inspecting the proofs carefully, one can check that the above theorem hold true 
even if O is not bounded. 

Proof. Since the theorem was already proved for single equations (|6]), as in the proof of Theorem 
12.31 we only need to establish the a priori estimate (|4.7p assuming that a solution u e S]J^'^{0,T) 
already exists. As usual, we assume uq = 0. 

Let xq G do and ^' be a function from Assumption 14. II In [8] it is shown that can be chosen 
in such a way that for any non-negative integer n 

l^^l!X(.o)no + I*."!"!/. < < oo (4.8) 
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and 

p{x)^xx{x) as X € Broixo) n O, and p{x) 0, (4.9) 

where the constants N{n) and the convergence in (j4.9p are independent of xq- 

Define r = tq/Kq and fix smooth functions 7y G C^(i?i(0)), (yS G C°°(M) such that < r],(p < 1, 
and 77 = f in 5^/2(0), ip{t) = 1 for t < —3, and (p{t) = for t > —I and > cp' > —1. Observe that 
^'(i?ro(2;o)) contains -8, (0). For n — 1,2, t > and x G wc introduce ifn{x) = (/^(n^^ Ina;^), 

where 

a'^t,x) = a'^t, ¥(t,x) = ¥{t, ^'^{x)), 

d 

d\t,x) = -a\t,^-'\x)), -a^= = <^''K.^K^^ 

s,t=l 

s,t i s 

c{t,x) = c{t,'ii-\x)), i}{t,x) ^ v{t,'^-\x)). 

Using Lemma 3.4 of [8], one can easily check that there is a constant L' independent of n and xq so 
that 

+ \b'^^itr)\l'l + + + WUt,-)\\',l^^ < L'. (4.10) 

Take kq from Theorem 13.121 corresponding to d, 0, S, K, 7 and L' . Observe that ip{m~^ Ina;^) — for 
x^ > e~™ and \ip{m~^ Inx"'^) — ip(ra~^ \ny^)\ < ni~^ if |a;^ ^ < x^ /\ y^. Also we easily see that 
(|4.9p implies x^'i>xx{'^~^{x)) ^ as 0. Using these facts, ()4.5p and (|4.6p . one can find and fix 

n > independent of a;o such that 

Wkr^it' ^) - afer"(^. y)\ + Wkri*^ ^) " ^fc " 2/)lf2 + S^^l^ferX^, 2:) | 

+ ix'f\cWt,^)\ + ^'Wkrit,x)k <'^0, (4.11) 

whenever t > 0, x,y E ]R'J_ and |x — j/| < a;^ A y^. Now we fix a po < such that 

*(Bp„(a;o)) C B,/2(0) n {x : < e-^"}. (4.12) 

Let ^ be a smooth function with support in Bpg{xo) and denote v := {^u){^~^) and continue v as 
zero in R'| \ 'i/{Bp„{xo)). Since jycpn = 1 on 'i/{Bp„{xo)), the function u satisfies 

1 k I ii,n r , ii,n r , n , rk\ i, , i i.n r ; ri ^ '■k \ i m 

dv = [a^; v^^^j + b^^ w^, + Cfc^w + / ) dt + [a^^^^v^, + v^^ „^v + gjj dwt , 

where 
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Next, wc observe that by Lemma [4.21 and Theorem 3.2 in [19] (or see [8]) for any a G M and 

h G 4' °'Hpg{0) with support in Bpg{xo) wc have 

\\rh\\H;^^iO) - \\M''h{^-')\\H;,. (4.13) 
Therefore, we conclude that v e ^J'e'^iT)- Hence, by Theorem 13. 121 we get for any t <T 

Hj,(t) + \\9\\miy{t,e.2) + ll"o(* ^)C(* ^)\\u:^y-) ■ 

By using (|4.13p again, we obtain 

+^lk^^"llH3+i(o,t) +^li^^/llHj,(o,t) + U9\\n;yio.t.i2) + \\^^o\\u^+^{o)- 
Remembering that p and ■0 arc comparable in O, one can easily check that the functions 

\^Mt,-)\\'l, \^..Mt,-)\\°l, \^Mt,-)\\°\,^^ 

are bounded on x [0,T]. Then one concludes 

IIV'"'<llH2+^(0,t) 

< iV||V'tti;||H3_,(o,t) + ^l|w|lHj,(o,t) + N\\ipf\\Mi^(o,t) + ll£'llHjy(c>,t,f2) + ^\\^o\\u^+\oy 

Note that the above constants po, m, L' , N are independent of xq. Therefore, to estimate the norm 
||V'~"'^u||jj7+2^g, one introduces a partition of unity = 0, 1,2, ...,N such that ^(q) G C^(0) 

and ^(i) G C^(Bp^{xi)), Xi G 90 for i > 1. Then one estimates ||V'~^u^(o) IIh^+^(c' t) ^^ing Theorem 
12.41 and the other norms as above. We only mention that since V'~^'^^(o) has compact support in O, 

IIV'"^<(0)llHj+^(O,t) ll'"^(0)llHj+^(O,t) ll'"^(0)llHj+^(R^t)- 

By summing up those estimates one gets 

< iV||V'w.T|!Hjg(G,t) + ^l|M||Hj_,(o,t) + ^IIV'/||Hj_,(o,t) + ^\\9\\nl%\o.t,e2) + ^ll"ollc/J+"(o)- 
By this and the inequality 

we get for each t <T, 



Now the a priori estimate follows from Lemma 14.51 and Gronwall's inequality. The theorem is 
proved. □ 
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